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1 Introduction 

Modern differential geometry explains explicitly the dynamics of Lagrangians. So, we say that 
if M is an m-dimensional configuration manifold and L : TM — R is a regular Lagrangian 
function, then there is a unique vector field ^ on TM such that dynamics equations is given by 



where indicates the symplectic form. The triple {TM, is called Lagrangian system on 

the tangent bundle TM . 

In literature, there are a lot of studies about Lagrangian mechanics, formalisms, systems 
and equations [1, 2J and there in. There are real, complex, paracomplex and other analogues. It 
is possible to produce different analogous in different spaces. Finding new dynamics equations 
is both a new expansion and contribution to science to explain physical events. 

Quaternions were invented by Sir William Rowan Hamilton as an extension to the complex 
numbers. Hamilton's defining relation is most succinctly written as: 



If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. 
They do however still find use in the computation of rotations. A lot of physical laws in classical, 
relativistic, and quantum mechanics can be written pleasantly by means of quaternions. Some 
physicists hope they will find deeper understanding of the universe by restating basic principles 
in terms of quaternion algebra. It is well-known that quaternions are useful for representing 
rotations in both quantum and classical mechanics [3] . Cliffordian manifold is a quaternion 
manifold. The above properties yield also for Cliffordian manifold. 



ii:^L = dEL 




f' = k"^ = ijk = — 1 



(2) 
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In this paper, Euler-Lagrange equations related to Lagrangian systems on Cliffordian Kahler 
manifold have been obtained. 

2 Preliminaries 

Throughout this paper, all mathematical objects and mappings are assumed to be smooth, i.e. 
infinitely differentiable and Einstein convention of summarizing is adopted. !F{M), x{M) and 
A^(M) denote the set of functions on M, the set of vector fields on M and the set of 1-forms 
on M, respectively. 

2.1 Cliffordian Kahler Manifolds 

Here, we recalled the main concepts and structures given in [U [5] . Let M be a real smooth 
manifold of dimension m. Suppose that there is a 6-dimensional vector bundle V consisting 
of Fi{i = 1,2, ...,6) tensors of type (1,1) over M. Such a local basis {Fi,F2, ...,-^6} is called a 
canonical local basis of the bundle V in a neighborhood U of M. Then V is called an almost 
Cliffordian structure in M. The pair (M, V) is named an almost Cliffordian manifold with V. 
Hence, an almost Cliffordian manifold M is of dimension m = 8n. If there exists on (M, V) a 
global basis {Fi, F2, Fq}, then (M, V) is said to be an almost Cliffordian manifold; the basis 
{Fi, F2, Fq} is called a global basis for V. 

An almost Cliffordian connection on the almost Cliffordian manifold (M, V) is a linear 
connection V on M which preserves by parallel transport the vector bundle V. This means 
that if $ is a cross-section (local-global) of the bundle V, then Vx^ is also a cross-section 
(local-global, respectively) of V, X being an arbitrary vector field of M. 
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If for any canonical basis { Ji, J2, Je} of F in a coordinate neighborhood U, the identities 

g{J,X,J,Y)=g{X,Y),WX,Yex{M), t = l,2,...,6, (3) 

hold, the triple (M, g, V) is named an almost Cliffordian Hermitian manifold or metric Cliffor- 
dian manifold denoting by V an almost Cliffordian structure V and by ^ a Riemannian metric 
and by {g, V) an almost Cliffordian metric structure. 

Since each Jj(i = 1,2, ...,6) is almost Hermitian structure with respect to g, setting 

UX,Y) = g{J,X,Y), ^ = l,2,...,6, (4) 
for any vector fields X and Y, we see that $j are 6 local 2-forms. 

If the Levi-Civita connection V = on (M, g, V) preserves the vector bundle V by paral- 
lel transport, then (M, g, V) is called a Cliffordian Kahler manifold, and an almost Cliffordian 
structure $i of M is called a Cliffordian Kahler structure. A Clifford Kahler manifold is Rieman- 
nian manifold {M^'^,g). For example, we say that R^" is the simplest example of Clifford Kahler 
manifold. Suppose that let {xi, Xn+i, X2n+i, X3n+i, X4n+i, X5n+i, x^n+i, X7n+i} , i = 1, n be a real co- 
ordinate system on R«". Then we define by ( ^ , , , , , 75-^ , , I 
and {dxi,dxn+i,dx2n+i,dx3n+i,dx4n+i,dx5n+i,dxQn+i,dx7n+i} be natural bases over R of the 
tangent space T(R^") and the cotangent space T*(R*") of R^", respectively. By structures 
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Ji, J2, Js, the following expressions are obtained 



J (_d_) ^ d J ( d \ ^ d_ J / a \ ^ a J (_d_) ^ a 

^^dXi^ dx„+i ' 1 V aXn+i ) aXi^ 1 V aX2„+i ' dX4„+i ' ^ ^ dX3n+i ' Qx^n+i ' 

a \ a T t a \ a t t a \ a t f a \ a 



aXAn + i ' aX2„+i ' ^ ax^n+i ' dX3„+i ' ^ dXdn+i ' dxr„ + i ' dxr„ + i ' ax%n+i ' 

J2(9)^ 9 j( a 9 9 ^_ a a a 

^ V r7.X.' / Bxn„ I .• ' V Bx.„ I .• / Bxa„ I .• ' 



dXi > dX2n+i ' ^ dXn+i ' dX4n+i ' ^ 9a;2n+i ^aij ' ^ ^ 9a;3n+i ^ dXQn+i ' 

a \ 9 T f a \ a i ( a \ a i i a \ a 



"^^axi' 9a;3„+i ' 3Vga;^_,_j^ ax^n+i^ "^^8x271+1' dxen+i'' ^^axsn+i^' axi 

a \ a T { a \ a t t a \ a t t a \ a 



dx7n^ 




d_ 




axi ' 


a 




ax3„. 




a 




dxen+ 


- ? 

I 


a 





(5) 
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3 Lagrangian Mechanics 

In this section, we obtain Euler- Lagrange equations for quantum and classical mechanics by 
means of a canonical local basis { Ji, J2, of V on the standard Cliffordian Kahler manifold 
(RS",y). 

Firstly, let Ji take a local basis component on the standard Cliffordian Kahler manifold 

(R***,]/), and (xj, a;2n+i, a;3n+i, a;4n+i, a^sn+i, a^en+i, a^vn+i} , i = l,n be its coordinate func- 
tions. Let semispray be the vector field ^ determined by 



> dXi dXn+i dX2n+i aX3n+i 

I j^An+i a _j_ jy-Sn+i a _j_ -^dn+i _d__ _j_ -^Jn+i d 

aXin+i dx^n+i axe„+i ax-jn+i ' 



(6) 



where 



and the dot indicates the derivative with respect to time t. The vector fields defined by 



(7) 



a 



aX2n+i aX3„+i aXYn+i ax%n+i ' 



is called Liouville vector field on the standard Cliffordian Kahler manifold (R^", V). The maps 
given by T, P : R^" ^ R such that 

rj-,l/-2-2 2 -2 •2-2 2 '^Nd J, 

are called the kinetic energy and the potential energy of the system, respectively. Here mi,g 
and h stand for mass of a mechanical system having m particles, the gravity acceleration and 
distance to the origin of a mechanical system on the standard Cliffordian Kahler manifold 
(R^", V), respectively. Then L : R^" — > i? is a map that satisfies the conditions; i) L — T — P 
is a Lagrangian function, ii) the function given by Ej^ = Vj^{L) — L, is energy function. 

The operator ij^ induced by Ji and given by 



■-^Lj{Xi,X2, ...,Xr) — ^c<;(Xi, JiXi, ...,Xr), (8) 



i=l 

is said to be vertical derivation, where cu e A^R®", X^ e x(R^'*). The vertical differentiation 
dj^ is defined by 

dji = [Vi ,d]^ij^d- dij^ (9) 

where d is the usual exterior derivation. For Ji , the closed Chffordian Kahler form is the closed 
2-form given by = —ddj^ L such that 

J _ 9 d d 9 J 

"jj — 'K dXi — — aXn+i + ^ aX2n+i + ^ dx^n+i 

dx^jij^i — dx^jij^i -\- — o!xgjj_|_j — dx-jjij^i 



(yX2n+i OXsn+i OX-jn+i OX%n+i 

defined by operator 

dj^ : J^(R*^") ^ A^R^". (10) 

Then 



^ T, ft-r B-r , .^-^j ^ dXi -\- a dXj A dXn-\-i B-r f)-r. , - j A dx2n+i 

~ dxj^ax5„+i ^ dx^n+i + dxfdx2n+, ^^^j ^ dX4n+i + dx^dx-j,„+i ^ dx^n+i 
~ dxj^dx7„+i ^ dXQn+i + dxfdx6„+, ^ dXjn+i — Qxr.ljdxr^+i^^'^+i ^ 
+ dx^+^dxi ^^n+j A dXn+i — Qx^+jdx^n+i'^^'^'^i ^ dX2n+i " dx^+jdxs^+i^^^+i ^ 
~^3^r , rtTn 7~dXn~\-j A dX/^n+i ~l~ Bt^ ~dXji-\-j A dx^ji+i "aZ ~dXn-\-j A dXQn+i 

dx„fjdx6„+i'^^^+j ^ dXjn+i — dxif+jdxr.+.'^^'^'^+i ^ + dxf„+jdxi^^'^'^+i ^ '^^n+i 
-ax2„f,i4„+,^^2n+j A rfX2„+i - a^.2„f^.45„^^C?a;2n+j A dx^n+i + 9^2n+,&2n+.^^2n+i A (iX4n+i 

~ ax3„+jax„+i '^^^n+j A dXj + Qx^^^^Q^.dXsn+j A (ia;„+j — ax3„+j9x4„+i^^3n+j A dX2n+i 

+ 9x4^+^ ^^4n+i A rfx„+i - aa,4^^^^X4„+i '^^4n+i A (iX2n+j - 5x4n+^L5„+, ^^4n+i A rfXsn+i 

+a^:^;;;^^;;;77'^^4n+j a dx^n+i + d^^:;^~§^^i'^^^n+j a (ix5„+i - aj.4^_^^,ax7„+i^^4n+i a rfxen+i 

ax4„fj9x6„+i '^^4n+j A rfX7„+i — ax5„+jax„+i ^ + dxf^+jdxi^^^'^+j ^ 

+ ax5„f,ax3„+i^^5n+i A (ix5„+i - a^5,^f.a^,„^^c?a;5„+j A dx6„+i + a^^^f^^g^.^ . f^2;5„+j A rfxr^+i 

~ 9x6n+j9a:„+i '^^Gn+j A C?Xj + g^f^^^g^. dx^n+j A - a^-g^^^aa-^^^ . C^a^g^+j A dX; 

~ax6„fjix5„+,^^6"+i ^^3n+i + dx(,r,ljdx2-a+r'^^^'^+i ^ ^n+i + aa;6„fjix3„+,'^^6n+i A 
~ax6„fjix7„+>^^6n+i ^ f^a^Gn+i + a^g„f_,.ax6„+« '^^6"+^' ^ "^^^n+i - ax7„!j9x„+,'^^7n+i A rfXj 
+ ax7^+j9xi'^^7n+i A — ax7„fjax4„+i'^^7n+i A (iX2„+i — ax7„fjax5„+i^^7n+i A dX3„+i 

ax7„fjax2„+i A (ia;4„+j + ax7„fj ax3„+i^^7n+i A dx^n+i — ax7„f j 9x7„+i A dXQn+i 

+ ax7„fj.9x6„+i'^^7n+j A (ix7„+i 

Let ^ be the second order differential equation by given Eq. ([1]) and defined by Eq. 



'5ri+i 
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and 

? L' axjdxn+i * axjdxn+i ■> dxjdxi * "-^^ axjdxi J 
— X^ -r-. — S'j dXonA-i ~t~ X*^^^^ — t; dX-j — X^ — ^ 6"^ dx^riA-'i ~t~ X'^^~^^ — ^ dX-j 

dx^dx2u+i ^^4:n+i - ^^"""^'ax.Ltn+i^^J + ^'ax.Ll+Zi^^Sn+i " X^^'+^^^g^^^^dXj 

-i^^ ' o dec f\ri I -j^^ ' Q diX A I -^^^ ' "o ^ -U? -'^^ ' o dx -7 

dxjdxrn+i * dxjdxyn+j J dxjdxe„+i * dxjdxe„+i J 

vn+i d'^L A^+^V^-r I ^^J^ ._|_ Vn+i_9^i^X"+j J„ yn+i d^-L j 

^ ea;„+jaa;„+i''n+i"-^»^^ 9a;„+jaa;„+i "■^"+:' aa;„+jaa;i ''n+i "-^n+j ^ dxr,+jdxi"'-^^+3 

^ dxr^+jdxin+in+i^-^-^n+i dxn+jdx4n+i'^+^ 9x„+j9x6„+i "n+j "-^Sn+i 

dXn+jdxr,n+i ""'"•^ dx„+jdx2„+i 4n+i dXn+jdX2n+i 

+^'^^' dx„+jdX3n+i ^n+i^^5n+i - X^''+' dxr,+jdX3n+i ^^^+0 ~ -^"^^^ dXr,+jdxrn+i <^n+i <^^6n+j 
I j^6n+i . _|_ ^yn+i Q^-L 5^~^^. dx, ■ — ^^"^ (jx 

dXn+jdX7n+i dXn+jdX6n+i 'n+l dx„+jdX6n+i 

dx2n+j9xi dX2n+j - X'^'^'"' dx2nljdxin+i ^^n+i dX2n+i + X'^'^^' dx2„tjdx4n+i ^^2n+j 
-^2"+* &2„f,&;5n+z '^Sni^ dX3n+i + X^''+' q^^J^.q^^^^^ dX2n+j + X^''+' q^^J^^q^^^^. (^2n+i dx^n+i 

9x2„f,&;2n+i ^^2n+j + ^^""^^ ax2n-f,ax3„+i <^2n+i ^^^Sn+i - 9x2„f,-9x3„+i dX2n+j 

~^^"^'9ii;:Jfc:^'^2n+i ^^6n+i + -^^"^^ ax2„f,-9x7„+i dX2n+j + aii;;Jfe;;^'^2n+i <^^7n+j 

dx2n+jdxn„+i dx:i„+jdx„+i ^3n+i"'-^i^ dx3,,+j 

9x3„+,axi^3n+i"'^n+» ^ dxsn+jdxi^-^^ri+j ^ dx3n+jdx4n+i^ri+i^^2n+i 
I y2n+i d'^L i _ ySn+i A'''"+-^/7t- -I- y3n+t 9^1/ 

9a;3„-f, ax2n+i <^3n+i ^^4n+i " ^^^^^^^^ (ix3„+ j + X^^+'^j^^^^^^^g^^+^^cJxsn+j 

y5n+t ^ ._ y3n+i d'^L x3'"+i^^ . _i_ y6re+i (j-L j 

9a;3„+jSa;3„+i ^n+j dxsn+j dxm+i "3n+i "-^en+i "T ^ 9x3„+,aa;7„+i "•^3n+j 

I y3n+i d'^L X^n+j j _ yTn+i d'^L i _ y4n+i dL r4n+j 7 

dx4n+^dx„+i dXAn+j + -^^""^^ dxin+jdxi ^4n+i - dx^^+jdxi d^An+j 

-X^"+* aa:4„+'^aa;4n+i ^4n+i ^^2n+i + aa:4„+'^L4n+i '^^^n+j - aa;4n+iaa;5n+i '^4n+i '^^3n+i 
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9x4„+!9x5n+i ^^4n+ j + Q^^^l. g^^^^. S^n+i ^^in+i q^^^I. q^^^^. dx^n+j 

^ dx5„+jdxi'^-^5n+J ^ 9x5„+jSa;4n+i 5n+i"-^2n+i -t- ^ dx^r.+jdxir.+i^'^+J 

9X5„+,- ax2n+z "-^Sn+j -^-^ aa;Bn+,ax3„+i''5n+i"-^5n+i 9x5„+,-9x3„+i ""^Sn+j 

^ dx^r.+jdx-rn+i "-^en+i ea:5n+i9^7u+« "-^Sn+i dx^^+jdxen+i 

ySn+t a^L ^ _ T^6n+i^_a^^^_x6ri+j T , y6n+i a^L j 

aa:6„+,aa;3n+i -^Sn+i ^^^^^^.^^^^^^ Og^+j U^Sn+j ^ ax6„+,aa:7n+i "-^6"+^' 

ax6„-fjacc6n+i '^6n+i ^^7n+i " axgn-f,- a^gn+i ^^6n+j - aa;7„+,ax„+i <^7n+i 

+^'ax7„tLn+i^^7n+i + X^''^'-Q^£^^fil1^idXn+i - X'^^' Qx-rl+jdxi^^'^^+j 

v7n+i d^L X'7"+J^^ _i_ v2n+» a^L i _ yVn+i d'^L x^n+j i 

^ dxr„+jdxi„+i7n+i(^-^2n+i^^ ax7„+,ax4„+, "-^^n+j ^ g^^^^^^g^^^^^^ 07^+^ aXg^+j 

+X^''+' Q^^^l.Q^^^^. dXjn+j + X'^"'^' axrr,ljdx2n+i ^^4n+j " dxr„+jdx2n+i ^^^n+j 

ax7„f,aa:3n+i '^7nSc?a;5„+i - X^''+' Q^^Jl.Q^^^^. dXjn+j - X'^''+' axvntjdxrn+i '^7nS dX6n+i 

aa;7„-f,ax7n+i ^^7n+j + ax7n-fi a^sn+i '^7n+i C^a;7n+i - -'^'^""^^ aa;7„f,ax6n+i ^^7n+j 

Since the closed standard Cliffordian Kahler form on (R^, V) is the symplectic structure, 



it is found 



Ei^ ^ Vj,{L) - L ^ 



dL 

dXn+ 



^n+i dL I ^2n+i dL , j^3n+i _dL_ 

dXi ' dXin+i dX5n+ 



_j^4n+i dL 

dX2n+i 



dL 



I \^&n+i dL j^7n+i_aL_ 

dxz„+i dX7n+i dX6n+i 
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-i 








-0 

-i 






dX2„+jdX4n 









and hence 

dE'l' = X \ dx. - X^'+'^^dxi + dx. 

Li aXjOXn+i •' aXjOXi J aXjOX4n^i J 

I vZn+i d'^L j vAn+i d'^L j y5n+t d'^L 1 

dXjdx^n+i J dXjdX2n+i J dxjdxzn+i J 

~ dXjdxrn+i 1 dXjdxen+i ^ dxn+jdxn+i 

9a;„+j9a;3„+i ~ dxn+jdx7„+i 

dx2n+jdx5„+i 2n+i aa:2„+j9a;2„+i ^n+j 

dx2n+jdx-rr,+r-^^^+0 ^ dX2„+jdxen+i^''+^ 

I ^Y'^"+^ ^^-^ (jj; . — _y4n+z d^L _ Y"5n+i 

9a;3„+j9a;5„+i 3n+j 9a;3n+j9x2„+i 3n+j dx3n+jdx3„+i 3n+j 

OX4ri+j^Xi '-J UX4n+j^X4n-\-% <-iX4fi+j^X^ri-\-i 

^ dx4„+jdx2n+i^''^^"''^^ ^ 9a;4n+j9a;3„+i ^ 9a;4n+j9a;7n+i 

9a;4„+jOa;6n+i "'^■^ oa;5n+ j oa;„+i 'J^+J dxB„+jdxi 

I jY2^+' dx I ^y3^+^ (jj; Ji^An+i d'^L 

dx5„+jdx4,„+i 5n+j dx5„+jdxs.„+i ^n+j dx^n+jdx2n+i ^^+3 

^Y5n+i d'^L _, ^Y6?t+» ^^-^ dx ■ — _^Y'^""*"' dx 

dX5n+jdX3n+i ^^+3 ' dxsn+jdxjn+i ^n+j dxsn+jdxsn+i ^n+J 

I ^Y^ ^^-^ (jj; ^Y"+^ ^^-^ (jj; I ^y2"+^ (ja: 

I ySn+i d'^L j _ yAn+i d^L j _ y5n+i d'^L j 

dxen+jdX5r.+i"'-^^+^ ^ dxe„+jdX2r.+i^+^ ^ dx6n+j dx3n+i^''+^ 

"'"^ dXQn+jdX7ri+i^'^^^+^ ^ dX6n+jdxen+i^'^^'^~^^ dx^n+jdXn+i'^'''''^^'^^ 

^ dx-rr,+jdX2n+i^''-^^ ^ ax-rn+jdX3n+i^''+^ ^ ^ dxrn+jdX7n+i^''+^ 

yln+i d'^L j . _ dL_j _ dL j . _ dL j 

^ axvn+jdX6n+i^'^+^ dXj^-^J dXn+j-^"-+l dX2n+i^'^+^ 
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dL J _ dL J _ dL J _ dL j _ dL j 

With the use of Eq. ([1]), the following expressions can be obtained: 

_ Y2n+i d'^L j _i_ Y2n+i j _ Y2ra+i j 

dx2„+jdx„+i J dx2„+jdxi "-^J dx2„+jdx4„+i ^"-^J 

dx2„+jdxs„ + i ^"'+-' dx2„+jdx2n + i dx2n+jdx3„ + i ^"+-? 

Y2n+i d'^L j , Y'^^+i rl-r — vSra+i d'^L j 

OX2n+jOX7ri + i ""-^J dX2n+jOX6n + i '"^•^ dX3„+jdX'„ + i J 

f?TQ I 8x1 I fl-r^ I - "'^2n+j ^ , .a„^ , . "XSn+j 

dx3n+jdx2n+i ^"^^^ dx^n+j d^'in + i ^"^+3 dx^n+j dx^n + i ^n+J 

I Y3n+» ^ _ Y'^'Ti'+i 9L j , y4ra+t ^ 

^x^ji^jax^n-\-i f^X4^n^jUXn + i uX^^^j^jOX^ ' •> 

Y4?i+i dL J _ Y^n+i dL j , y4?i+i j 

I j^4n+i d'^L _ j^in+i d^L , \^4n+i d'^L 

dxin+jdxzn + i 5"+i dx4,n+jdxTn + i 6n+j dx4,n+jdX(,n+i 7n+j 

'JX^n+j^-^n + z ■' f^x^n^jUX^ ux^n+j^X4n-{-i 

ySn+i S^L j , y5n+» d^L j , ySn+i j 

dX(,n+jdXi "+i dXfin+jdXiri+i ^n+j dX(in+jdx5„ + i 3n+j 

I ji^Qn+i d^L _|_ \^6n+i d'^L _ \^6n+i d^L 

dxe„+jdx2n+i dxe„+jdx3„+i dxe,n+jdx-r„+i 

I y6n+» a^L j _ yTn+i d'^L i _i_ y7n+» ,1^ 

^Y^w+i . _ j^7n+i d^L , ^y7"+» d'^L 

dx7„+jdx4„+i 2n+j ax7„+jaa;5„+i 3n+j ax7„+jaa:2„+i ^"■+-?' 

dxrn+jdx3„+i ax7„+j9a;7„+i 6n+j 9a;7„+j5a;6„+i 



10 



If a curve denoted by a : R — > is considered to be an integral curve of ^, then 
calculate the following equation: 

dXjdXn+i •> dXn+jOX„+i J dX2n+ jOXn+i •> 

Y^n+i d'^L J _ vAn+i dL j _ y^n+i d'^L j 

<JXQn-\.jUXn-\-i ^X'in-\.jUX'n-\-i UXjUXi ' 

dXn+jdXi^+i ^ dx2u+jdxin+j ^ ^ dxzn+jdXi'^+O 

c/a;7n+j (^-Cz ' c/a;j c/a;4Ti-|-t '-J uXji-\-jux^ji-\-i ' 

V2n+i d'^L yin+i d'^L yin+i dL 

y5n+i 5^1/ _ Y6n+i d^L j _ yln+i d'^L j 

^ 9x5„+,ax4„+i"'^2n+j ^ aa;6„+,ax4n+i -^^n+j ^ aa;7n+,ax4„+i "-^^n+j 

yi ff^L 1 _ yn+i ff^L j _ y2n+i ff^L j 

B-r Btk , . ""^Sn+j ^ B-r , B-rc , . '''3n+? ^ B-r^ , r)Tc , . •^Sn+i 

Q^^^f.g^^^^. dX3n+j - aa;4„+^L5n+i ^^3n+j " 9xB„-f,- a^gn+i ^^3n+j 

I T\ 7^ dX A/n J_ ri I ' ~r\ 7^ CliX Arri J_ -i I ' "7\ 7\ (llX A in J_ 

dXn+jdX2n + i *"'^J dX2n+jOX2n+i *"'^J dx^n+j OX2ri+i ^"^^ 

(?a;4„+j9x2n+< 4n+j "T 9xB„+j9a;2n+i 4"+:' dx6n+jdX2n+i 

I y7n+i j , yi a^L ^ , yn+i O^L 

+X2"+* 9a;2„-f, i3n+i ^^5n+j + X^""""' dx3„+jdx3r.+i + 9a;4„f 9x3^+^ ^^5n+j 

y3n+i ^^L j _ y4n+t d'^L j _ ybn+i d'^L j 

^ 9x3„+,aX7„+i"'^6n+j ^ Sx4„+,aX7„+i"'^6n+j ^ dX5n+jdX7r^+i^+^ 



we 



dx6„+jdxrn+i 6n+j dx7n+jdxrn+i 6n+i ~r dxjdxen+i 



11 



dX4,„+jdX6n+i dxsn+jdX6n+i '''"+•? dxen+jdX6„+i '^^+3 

alternatively 

dXn+i ^ dx2n+jdXn+i dx3„+jdx„+i ' dX4,n+jdXn+i 

dX5n+jOXn+i dX6n+jdXn+i OXjn+jOXn+i' ■' OXj J 

1- aXjOXi OXn+jClXi OX2n+jOXi aXZn+jOXi OXin+jOXi 

dxi dxrn+jdxi' '^+3 9a;„+j 
r Y» Q^-^ _|_ J^n+i^ |_ j^2n+i^ |_ Y'3n+i d'^L |_ js^An+i dL 

I- dxjdx4n+i dXn+jdXAn+i dX2n+jdX4n+i dX3„+jdX4n+i dx4n+jdx4n+i 

I Y"5"+t I J^6n+i^ I Y"'^"+^ ](lx ■ + —^^^—dx 

dX5n+jdX4n+i dx6„+jdx4„+i dxrn+j dX4n+i ' ^n+j aa;2n+j ^'^+3 

L dXjdxsri+i dXn+jdxzn+i dx2n+jdxhn+i dxsn+jdxsn+i dX4„+jdxs„+i 

dxs„+jdxsn+i dx(in+jdxr,„+i dxr„+jdxsn+i^ '^"+-? dxsn+j ^"'+-' 

L dxjdX2n+i dx„+jdX2n+i dX2n+jdX2„+i dX3n+jdX2„+i dX4n+jdX2n+i 

dX5n+jdx2n+i dX6„+jdX2„+i dxr„+jdX2„+i^ dX4n+j 

i[j^i_d^L__ I Y""+^ U Y"^"+' h Y"^"+' h X^""*"' 

dx^n + i dx2n+jdx3n+i dx^n+jdx^n+i dX4n-\.jdX3n+i 

I j^5n+i d^L , -^Gn+i d^L , jj^Tn+i d'^L , _dL_^^ 

dX5„+jdX3n+i dX6n+jdX3n+i dxr„+jdX3n+i' ^"-+3 dx^n+j 

[Y^ I j^n+j^ I \^2n+i d^L , ji^3n+i d'^L , ji^4n+i d'^L 

L dXjdX7n+i dx„+jdX7n+i dX2n+jdX7n+i dX3n+jdX7n+i dX4n+jdX7n+i 

I ji^5n+i d^L , ji^6n+i d'^L , jj^Tn+i d^L 1^^ , dL 

dx5„+jdxrn+i dx6n+jdx7n+i dxrn+jdxyn+i' 6n+j dxe„+j 6n+j 

I '^^^ h L J^2n+i ()' L i_ j^Sn+i ()'L i_ j^An+i d'L 

L dXjdxen+i dXn+jdXQn+i dX2n+jdxen+i dX3n+jdxen+i dX4n+jdX6n+i 

I Y"5"+» d'^L i_ ji^6n+i d^L i_ jj^Tn+i d^L i dL _ g 

dxr,„+jdxn„-f-i dXfin+jdX6n+i dxrn+jdX6n+i 

Then we obtain the equations 
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dt ydxi J dxn+i ' dt ydx„+i J dxi ' dt \dx2n+i J dx4,„+i ' 

d_ f dL A I dL ^ Q d_ ( dL ^ _ dL ^ Q d_ f dL A _ dL ^ g (H) 

dt \dx3„+i J dx^n+i ^ dt \dx4„+t J dx2„+t ^ dt \dx5r^+^ J dx-in+t ' 

d_ f dL \ _|_ dL ^ Q d_ f dL \ _ dL ^ g 

such that the equations obtained in Eq. ( fTTj) are said to be Euler- Lagrange equations 
structured on the standard Chffordian Kahler manifold (R^,y) by means of and in the 
case, the triple (R^,$^^,^) is called a mechanical system on the standard Cliffordian Kahler 
manifold (R^, V). 

Secondly, we find Euler-Lagrange equations for quantum and classical mechanics by means 
of $f on the standard Cliffordian Kahler manifold (M, V). 

Consider J2 be another local basis component on the Cliffordian Kahler manifold (R^, V). 
Let ^ take as in Eq. ([6]). In the case, the vector field given by 



"'2 ^V^^ dX2„ + i dXin + i OXi dXfin+i (12) 



I -\^in+i d -\^5n+i d ^Qn-\-i d _|_ j^7n+i 



d 



dXn+i dx-jri + i dx^n+i dx^^+i ' 

is Liouville vector field on the standard Cliffordian Kahler manifold (R^,y). The function 
given by i?^^ = Vj^{L) — L is energy function. Then the operator ij^ induced by J2 and denoted 

by 

r 

^j,a;(Xi,X2,...,X,) = 5^a;(Xi,..,J2X,,..,X,) (13) 

i=l 

is vertical derivation, where u G A''R^, Xi G x(R*). The vertical differentiation dj^ are defined 

by 

dj2 = [ij2,d] = ij2d - dij^. (14) 
Since taking into considering J2, the closed standard Clifford Kahler form is the closed 2- form 
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^iven by = —ddj^L such that 

dj^ — dXi — — dXn+i — t: — dX2n+i + "7^ dx^n+i 

~I~TJ dXin+i 7^ dX^n+i dX^n+i 7^ dXjn+i 

OXn+i OXYn+i C/X^n+i OX^n+i 

and defined by operator 

dj, : J^(R^) ^ A^R^ (16) 
The closed standard Chfford Kahler form on is the symplectic structure. So it holds 



(JX2n+i (y^An+i UXi OXgn+i 

dXn-\-i dXjn+i d^Zn+i dx^n+i 

By means of Eq. ([1]), using IQ, f|T5l) and f|T7|) . also taking into consideration the above first 
part we calculate the equations 

d_ ( dL \ _|_ dL d_ ( dL \ _ dL ^ Q d_ ( dL \ 9L ^ q 

dt \dXi J dx2n + i ' dt ydxn+i J dx4,n + i ' dt \dx2n+i J dXi ' 

d_ ( , dL =Q A ( + dL =Q A( _ dL ^ g (18) 

dt \dx-i„+i J dxun+i ' dt ydx4,n+i j dXn+i ' dt ydxsn+i J dxjn+i ' 

d f dL \ dL — (\ d_ ( dL \ dL _ n. 



dt ydxfin+i ) dx-in+i ' dt \^dxTn^i j dx5„+i ' 

Hence the equations obtained in Eq. (ITSl) are called Euler-Lagrange equations structured by 
means of on the standard Cliffordian Kahler manifold (R^, V) and so, the triple (R^, $^^,0 
is said to be a mechanical system on the standard Cliffordian Kahler manifold (R^, V). 

Thirdly, we introduce Euler-Lagrange equations for quantum and classical mechanics by 
means of on the standard Cliffordian Kahler manifold (R®, V). 

Let J3 be a local basis on the standard Cliffordian Kahler manifold (R^, V). Let semispray ^ 
give as in Eq.([6]). Therefore, Liouville vector field on the standard Cliffordian Kahler manifold 
(R^, V) is the vector field given by 
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Vj^ = jgfn = x'j^ — x^'+'j^ — x2"+^^^^ — 

•^3 •^^^^ OX3„+i OX5„+i OXQn+i OXi 

i d I v5n+i d i vGn+i d v7n+i d 



(19) 



dx-^n+i dx„^i dx2n+i dx^^^i ' 

The function given by E'jj' = Vj^{L) — L is energy function and calculated by 

^•/s dL j^n+i _dL_ ■\^2n+i dL j^Sn+i dL 

L dX'in+i dx^ri + i dxQn + i dxi 

I \^4:n+i dL , j^bn+i _dL_ i -\^(jn+i dL ^7n+i dL 

dx-jn + i dXn+i dx2„ + i dx4ri+i 



(20) 



The function ij^ induced by J3 and shown by 

r 

ij,_^u{Xi, X2, Xr) = a;(Xi, J^Xi, Xr), (21) 

1=1 

is said to be vertical derivation, where u G A''R^, Xi G x(R'^)- The vertical differentiation dj^ 
is denoted by 

djs = [hs^d] =ijsd- dij^, (22) 
Considering J3 , the closed Kahler form is the closed 2-form given by = —ddj^ L such that 



d d d d 

dj 7^ dxi 7- dx^^i — dx2n+i t; dx^n+i 

3 OX3n+i OX5n+i OXQn+i OXi 

-dX^n+i ~\~ 7^ dX^ri+i ~\~ Tj dX^n+i 7:. dX-jn+i 



OXjn+i dXn+i OX2n+i OXin+i 

and 

dj^ : ^(R^) ^ A^R« (23) 

Using Eq. ([T]), similar to the above first and second cases , we find the following expression 
the equations 

d_ ( dL \ _|_ dL ^ Q d_ f dL \ _ dL ^ Q d_ f dL \ _ dL ^ g 

dt \dxi J dx3„+i ' dt \dxn+i J dx^^+i ' dt \ dx2n+i I dxQ„+i ' 



d dL \ dL 



0, ^ ( + ^ = 0, i r + ^ = 0, (24) 



dt \dx-j,„+i ) dxi ' dt ydxin+i J dx-j^+i ' dt \dxsri+i ) dx 

d_ f dL \ _|_ dL ^ Q d_ f dL \ _ dL 
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Thus the equations given in Eq. f l24p infer Euler-Lagrange equations structured by means of 
on the standard Chffordian Kahler manifold (R^,y) and therefore the triple (R^,<l>^^,^) 
is named a mechanical system on the standard Chffordian Kahler manifold (R^, V). 

4 Conclusion 

From above, Lagrangian mechanics has intrinsically been described taking into account a canon- 
ical local basis {Ji, J2, J3} of V on the standard Chffordian Kahler manifold (R*^, V). 

The paths of semispray ^ on the standard Chffordian Kahler manifold are the solutions 
Euler-Lagrange equations raised in ffTTj) . f|T8|) and and also obtained by a canonical local 
basis {Ji, ^25-^3} of vector bundle V on the standard Chffordian Kahler manifold (R^,l^). 
One can be proved that these equations are very important to explain the rotational spatial 
mechanics problems. 
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